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Abstract:

A graph is called graceful if it has an graceful labeling. Rosa [1] introduced the idea of
o~ valuation, and we now known this as the graceful labeling. Here we will define the graph (m, k)
Cy4-snake and prove that the graphs kC,4- snake is graceful, we will prove the graph (2, k) C4-snake is
graceful, we will introduce the graceful labeling of the graph (3, k) C4-snake, we will introduce the
graceful labeling of the graph (m, k) C4-snake. Here we will define the graph (m, k) Cg-snake and
prove that the graphs kCg- snake is graceful, we will prove the graph (2, k) Cg-snake is graceful, we
will introduce the graceful labeling of the graph (3, k) Cg-snake, we will introduce the graceful
labeling of the graph (m, k) Cg-snake.

Introduction:

A graph is called graceful if it has a graceful labeling. Rosa [1] introduced the idea of
o~ valuation, and we now known this as the graceful labeling. We can consider o- valuation as
function ¢. This function ¢ is a graceful valuation of a graph G with q edges if ¢is an injection from
the vertices of G to the set {0, 1, 2... q} such that, when each edge {u, v} is assigned the label k = |¢

u)-¢(V)| 1< k<q.

The graphs considered here will be finite, undirected and simple. We denote the vertex
sets and the edges sets of a graph G by V(G) and E(G) respectively.

A cycle in a graph G is a closed walk of the form wyw,ws...w, where k> 3, and if for
some i« j we have w; = w;then {i, j} = {1, 2}. A kCy-snake is a connected graph with k blocks; each
of the blocks is isomorphic to the cycle C,, such that the block-cut-vertex graph is a path. We also
call a kCp-snake as a cyclic snake. The graph kC,-snake was introduced by Barrientos as
generalization of the concept of triangular snake introduced by Rosa [2]. Rosa [2] The cycle C,, is
graceful if and only if n=0 or 3 (mod 4), E. M. Badr, M. I. Moussa and K. Kathiresan [3] proved
that The cycle C, is odd graceful if n is even, n >4. Now we define The graphs mC, as the family of
graphs consisting of m copies of C, with two non adjacent vertices in common
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Figurel: The graphs 2C, & 3C,.

and The graphs (m, k) C4 as the family of graphs kC4-snake where every block has m copies of C,4
with two non adjacent vertices in common. such that the number of blocks is denoted by k.

Example 2
(2, 2)Cs (3, 2)C4
Figure 2: The graphs (2, 2) C4 & (3,2) Cy.
Main Results:

Theorem 1: The graph kCs-snake " (1, k) C4-snake" is graceful.
Proof

Let kC4-snake be a graph and has q edges. Let UjUUs...Ugs1, WiiWioWoy.. . WiqWy, are the vertices of
kC4-snake, such that wj are put between u; and ui.q, 1 =1, 2, 3... K, j =1, 2, w; is above wi., where j =
1, 2, the graph kC,4-snake has number of edges "q" 4k, as shown in the next figure.

Wiy W21 W3y Wi
——————— >
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Wi Wao W3z Wiz

Figure 3: The graph kC,-snake.

The number of edges™ q"= 4k

Define ¢: V(G) — {0, 1, 2...q} as following:

é(u)=2i-2 i=1,2,3...k+1
p(wWj)=q-2i—j+3 =1,2,3...k , =12

From the definition of ¢ we find:

* Vv eV(G): V(G) is a set contains all the vertices of the graph G = kC,4-snake

3 vgl/i(lé() ¢ (v) = max{ 1srins:;16>i1(21 -2), 1r£gl)é(q —2i—j+3)}
j=1,2



= max{max {0, 2,4 ... 2k}, max {9-j+1,9-j-1,9-j-3...9—j-2k+3}}
J=1

=max{2k, max{q,q-2,q-4...q-2k+2,9-1,9-3 ... q—-2k+ 1}}
=max{2k, q } g =4k
=q

Hence, we find that : -
#p(v) €{0,1,2...q-1,q}

e It's obvious that V u,v e V(G) 3 g (U) £ o (V) €{0, 1,2 ...9-1,q}
.. The function ¢is one-to-one mapping from the vertex set of G "V(G)" totheset {0, 1,2 ...q }

» Now, we want to show that the labels of the edges of G belong to the set {1, 2 ... g } and that's as
following:

Therange of | g (Wiy) - ¢ (ui) |={q—4i +4 ,=1,2...k}
={q,0-4,9-8...q-4k+4} , q =4k
={9,9-4,9-8...4}

The range of | ¢ (Wi1) - @ (Uirs) |={q—4i +2 ,i=1,2...k}

={q-2,g-6...9-4k+2} , q =4k
={q-2,9-6... 2}

The range of | ¢ (W) - ¢ (u;) | = {q—4i +3 =12 ..k}
={q-1,9-5...9-4k+3} , g =4k
={q-1,9-5...3}

The range of | ¢ (Wi) - ¢ (Uin1) |={q—4i +1 ,i=1,2..k}
={q-3,9-7...9-4k+1} ,q =4k

={q-3,9-7...1}
Hence, {| ¢ (u)-o¢(V)|:uv e E(G)}= {1,2,3... 9}
So the graph kCy4-snake is graceful.
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Figure 4: The graceful labeling of the graph 4C4-snake

Theorem 2: The graph (2, k) C4-snake is graceful.
Proof

Let u, wherei=1,2,3... k+1, wy, wherei=1,2,3...k,j=1, 2, 3, 4 are the vertices of (2, k) Cs-
snake, such that w;; are put between u; and u.q, 1 =1, 2, 3... k, j =1, 2, 3, 4, wj; is above w1y, where
j=1, 2,3, 4,the graph (2, k) C4-snake has number of edges "q" 8k, as shown in the next figure.

Figure 5: The graph (2, k) C,;-snake.

The number of edges” q" = 8k

Define ¢: V(G) — {0, 1, 2... q} as following:

¢ (u;) = 4i—4 i=1,2,3...k+1

dWy)=q—4i—j+5 i=1,2,3...k ,j=1,2,3,4

From the definition of ¢ we find:

Vv eV(G) : V(G) is a set contains all the vertices of the graph G = (2, k) C4-snake

3, ma 9 0) =max{ | max (4=, max(q — 4~ +5)}
1<j<4

= max{max {0,4,8 ... 4}, max {q- j+1,q-j-3..q-]-4k+5}}
<js<

= max{4k, max{g,q-1,9-2,9-3 ... q—4k+1}}
= max{4k, q } :q =8k
=q

Hence, we find that : -
p(v) €{0,1,2...9-1,q}

* It's obvious that V u,v e V(G) 3 g (U) £ (V) € {0, 1,2 ...9-1,q}



.. The function ¢is one-to-one mapping from the vertex set of G "V(G)" to the set { 0, 1,2 ... q }

* Now, we want to show that the labels of the edges of G belong to the set {1, 2 ... q } and that's as
following:

The range of | ¢ (W) - ¢ (u)) |={q—8i+8 A=1,2..k}
={q,9-8,g-16...q-8k+8} , g =28k
={9,9-8,g-16... 8}

The range of | ¢ (Wiy) - ¢ (Uin1) |={q—8i + 4 ,i=1,2 ...k}
={q-4,9-12...q-8k+4} ,q=8k
={q-4,9-12...4}

Therange of | g (W) - ¢ (u) | = {q—8i+7 ,i=1,2..k}
={q-1,9-9...9-8k+7} , =8k
={q-1,9-9...7}

The range of | ¢ (W) - ¢ (Uir1) |={q—8i +3 ,i=1,2...k}
={q-509-13...q-8k+ 3} , q =8k
={q-549-13...3}

The range of | ¢ (Wis) - ¢ (u)) |={q—8i+6 ,=1,2..k}

={9-2,9-10...9-8k+6} ,q =8k
={q-2,g-10... 6}

The range of | ¢ (Wis) - @ (Uins) |={q—8i +2 ,i=1,2 ...k}
={q-6,g-14...9-8k+2} , q =8k
={q-6,9-14...2}

Therange of | g (Wis) - ¢(u) |= {g—8i+5 ,1=1,2..k}
={g-3,g-11...9-8k+5} , =8k
={q-3,g-11...5}

Therange of | ¢ (Wis) - ¢ (Uiss) |={q—-8i+1 i=1,2..k}

={q-7,9-15...q-8k+ 1} , q =28k

={q-7,9-15... 1}
Hence, {| ¢ (u)-o¢(V)|:uv e E(G)}= {1,2,3... 9}

So the graph (2, k) C4-snake is graceful.
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Figure 6: The graceful labeling of the graph (2, 4) C,;-snake

Theorem 3: The graph (3, k) C4-snake is graceful.
Proof

Letu; wherei=1,2,3...k+ 1, wywherei=1,2,3...k j=1, 2,3, 4,5, 6 are the vertices of (3, k)
Cs-snake, such that w;; are put between u; and ui.q, i =1,2,3... k, j =1, 2, 3, 4, 5, 6, w;; is above
Wig+), Where j =1, 2, 3, 4, 5, 6, the graph (3, k) Cs-snake has number of edges "g" 12k, as shown in
the next figure.

Figure 7: The graph (3, k) C;-snake.

The number of edges” q" = 12k

Define ¢: V(G) — {0, 1, 2...q} as following:

¢ (u;) = 6i — 6 ,i=1,2,3...k+1
p(Wy)=q—-6i—j+7 ,i=1,2,3...k ,j=1,2,3,4,5,6
From the definition of ¢ we find:

* Vv eV(G) : V(G) is a set contains all the vertices of the graph G = (3, k) C4-snake



3 vgl/i(lé() ¢ (v) = max{ 15{}15{)5_1(6l - 6), 122}){(‘@ —-6i—j+7)}
1<j<6

= max{max {0, 6, 12 ... 6k}, 12}2)6( {9-j+1,9-j-5...q-j-6k+7}}
= max{6k, max{q,q-1,9-2,9-3 ... q—6k+1}}
= max{6k, q } :q =12k
=q
Hence, we find that :-
p(v) €{0,1,2...9-1,q}

e It's obvious that V u,v e V(G) 3 g (U) £ (V) € {0, 1,2 ...9-1,q}
. The function ¢ is one-to-one mapping from the vertex set of G "V(G)" to the set { 0, 1,2 ... q }

* Now, we want to show that the labels of the edges of G belong to the set {1, 2 ... q } and that's as
following:

Therange of | ¢ (wu) - (w) [={q-12i+12  ,i=12..k}
={q,0-12,9-24...q-12k+12} ,q =12k

={q,9-12,9-24... 12}

The range of | ¢ (Wir) - ¢ (Ui) | ={q—12i + 6 ,i=1,2 ...k}
={q-6,9q-18...q- 12k + 6} ,q =12k
={q-6,q—18...6}

Therange of | ¢ (W) - ¢ (u) | = {g—12i + 11 =1,2..k}
={q-1,9-13...q-12k+ 11} ,q =12k
={q-1,q-13...11}

The range of | ¢ (Wi2) - ¢ (Uin) | ={q—12i +5 ,i=1,2...k}
={q-7,9-19...q—12k + 5} , q =12k
={q-7,4q-19...5}

The range of | ¢ (W;s) - ¢ (u;) | = {q—12i + 10 =1,2..k}

={g-2,9-14...q- 12k + 10} ,q=12k

={q-2,9-12... 10}
The range of | ¢ (Wis) - @ (Uis) | = { q — 12i + 4 i=1,2.. .k}

={q-12,9-20...q— 12k + 4} ,q =12k



={q-12,q-20... 4}

The range of | ¢ (Wis) - ¢ (u)) | = {q—-12i +9 =12 ..k}
={qg-3,g-15...9—-12k + 9} ,q =12k
={q-3,9g-15...9}

Therange of | g (Wis) - ¢ (Uins) |={q-121+3 ,i=1,2..k}
={q-9,9-21...q—12k + 3} , q =12k
={qg-9,9g-21...3}

The range of | ¢ (W;s) - ¢ (u)) | ={q—12i +8 i=1,2..k}

={q-4,9g-16...q— 12k + 8} , q =12k
= {q-4,q-16... 8

The range of | ¢ (Wis) - ¢ (Uin) | ={q—12i + 2 ,i=1,2 ...k}

={q-10,9-22...9-12k + 2} ,q =12k

={q-10,9-22...2}

Therange of | ¢ (Wis) - ¢ (ui) | = {g—12i +7 ,=1,2..k}
={q-509-17...9-12k+ 7} ,q=12k
={q-509-17...7}

The range of | ¢ (Wie) - ¢ (Uin1) | ={q—12i +1 ,i=1,2...k}

={q-11,9-23...9q—-12k+ 1} , q =12k

={q-11,q9-23... 1}
Hence, {| ¢ (u)-o¢(V)|:uv e E(G)}= {1,2,3... 9}
So the graph (3, k) C4-snake is graceful.

Example 5



Figure 8: The graceful labeling of the graph (3, 3) C,;-snake
Theorem 4: The graph (m, k) C4-snake is graceful.
Proof

Let u, wherei=1,2,3... k+1, wy, wherei=1,2,3...k j=1, 2, 3... mare the vertices of (m, k)
Cs-snake, such that wy are put between u; and ui.q, i =1, 2, 3... k, j=1, 2, 3... m, wj; iS above Wij.y
where j =1, 2, 3... m, the graph (m, k) C4-snake has number of edges "q" 4mk, as shown in the next
figure.

b & O
Wip Wa2p W3p Wip

Figure 9: The graph (m, k) C,-snake.
The number of edges” g™ = 4mk ,m=123..... ,p=2m
Define ¢: V(G) — {0, 1, 2...9}.
du)=2m(i—-1) ,i=1,2,3...k+1
d(wy)=gq-2m(i-1)-j+1 ,i=1,2,3...k ,j=1,2,3...2m
From the definition of ¢ we find:

* Vv eV(G): V(G) is a set contains all the vertices of the graph G = (3, k) C,-snake



3 vgl/i(lé() ¢ (v) = max{ 1srins:;16>i1(2ml —2m), max (@q—2mi—j+2m+1)}
1<j<2m

= max{max {0, 2m, 4m ... 2mk}, | max {g-j+1,g-j-2m+1...g—j—2mk
<js2m

+2m+ 1}}

= max{2mk, q } g =4mk
=q

Hence, we find that : -
p(v) €{0,1,2...q-1,q}

* It's obvious that Vu,v e V(G) 3 g (U) £ 4 (V) € {0, 1,2 ...9—1, q}
. The function ¢ is one-to-one mapping from the vertex set of G "V(G)" to the set { 0, 1,2 ... q }

» Now, we want to show that the labels of the edges of G belong to the set {1, 2 ... q } and that's as
following:

The range of | ¢ (wy) - o (u)) |={g—4mi—j+4m +1 JA=1,2..k,j=1,2,3...2m}
={q-j+1,9g-j-4m+1..q-j-4mk+4m+1 ,j=1,2...2m}

The range of | ¢ (wy) - o (u)) |={g—4mi—j+2m+1 =1,2..k,j=1,2,3...2m}
={q-j-2m+l,q—j—-6m+l ...q—j—4mk+2m+1,j=1,2...2m}

Hence, {| ¢ (u)-o¢(V)|:uv e E(G)}= {1,2,3 ...}

So the graph (m, k) C4-snake is graceful.

Example 6

Figure 10: The graceful labeling of the graph (4, 2) C4-snake

10



Theorem 1: The graph kCg-snake " (1, k) Cg-snake" is graceful.
Proof

Letu, wherei=1,2,3...k+1, & w;wherei=1,2,3...k j=1,2, & x;wherei=1,2,3... 2k, j=
1, 2 are the vertices of kCg-snake, such that w;; is put between u; and ui.q, X,; is put between w;; and u;
wherei=1,2,3...k,pisodd(p=1, 3...2k - 1), j= 1, 2, x,; is put between w;; and u;s; where i =1, 2,
3..k,piseven(p=2,4...2k), j = 1, 2, w; is above Wi;.) Wwhere j = 1, 2, x; is above X1y Where j = 1,
2, the graph kCg © mk1-snake has number of edges "q" 8k, as shown in the next figure.

Wia

Figure 3: The graph kCs.

The number of edges” q"= 8k

Define ¢: V(G)— {0, 1, 2... g} as following:

¢ (ui) =4i -4 i=1,2,3. k+l
¢ (wy) =4i-2j+1 i=1,2,3...k ,j=1,2
p(xp) =q—-2i—j+3 i=1,2,3...2k forall j=1,2

From the definition of ¢ we find:
Vv eV(G): V(G) is a set contains all the vertices of the graph G = kCg-snake

3 vgl/:(i();() ¢ (v) =max { 1512%1(41 —4), 11;(}%)((’(41 —-2j+1), 1£ri1£az)§(,(q —-2i—j+3)}
j=1,2 j=1,2

=max { max { 0,4, 8 ... 4k}, max {5-2},9-2j... 4k —2j +1},
J=1
max {g-j+1,9-j-1...q-j—4k+3}}
Jj=1,
= max{4k, max{3, 1,7, 5 ... 4k -1, 4k — 3}, max{q,0-1,9 - 2...g — 4k + 2,q — 4k+1}}

= max{4k, 4k -1, q}
=q
Hence, we find that : -
o(vV) €{0,1,2...q-1,9}
11



e It's obvious that V u,v e V(G) 3 g (U) £ (V) € {0, 1,2 ...9-1,q}
. The function ¢ is one-to-one mapping from the vertex set of G "V(G)" to the set { 0, 1,2 ... q }

* Now, we want to show that the labels of the edges of G belong to the set {1, 2 ... q } and that's as
following:

The range of | ¢ (xi) - #(u) | ={q—2i" - 4i + 6 i=1,3,5...2k-1,i=1,2...k}
={q,0-8,g-16...q-8k+8} , g =28k
={q,9-8,q-16... 8}

The range of | ¢ (i) - ¢ (Wir) | = {q—2i -4i +3 i=1,3,5...2k-1,i=1,2...k}
={q-3,9-11,9-19...q-8k+5} , g =8k
={q-3,g-11,q-19... 5}

The range of | ¢ (i) - ¢ (W) |={q—2i -4i+3 i =2,4,6...2k,i=1,2...k}
={q-59-13 ...q-8k+3} , q =8k
={q-549-13...3}

The range of | ¢ (Xi1) - ¢ (Uir) | = {q—2i" - 4i +2 i =2,4,6...2k,i=1,2...k}
={g-6,9g-14...9-8k+2} ,q =8k
= {q-6,g-14...2}

The range of | ¢ (Xi2) - #(u) | ={q—2i" -4i +5 i=1,3,5...2k-1,i=1,2...k}
={g-1,9-9...q-8k+7} ,q=8k
={q-1,q9-9...7}

The range of | ¢ (Xi2) - ¢ (W) | = {q—2i" - 4i +4 i=1,3,5...2k-1,i=1,2...k}
={qg-2,9-10...9-8k+6} , =8k
={q-2,9-10... 6}

The range of | ¢ (Xix) - ¢ (W) | = {q—2i" - 4i +4 i =2,4,6...2k,i=1,2...k}
={qg-4,q9-12 ...q-8k+4} ,q=8k
={q-4,9-12...4}

The range of | ¢ (Xi=) - ¢ (Ui | ={q—2i" - 4i + 1 i =2,4,6..2k,i=1,2...k}
={qg-7,9-15...9-8k+1} ,q=8k

12



={q-7,9-15... 1}
Hence, {| ¢ (W) -o(V)|:uv e EG)}= {1,2,3 ...}

So the graph kCg -snake is graceful.

Example 3

Figure 4: The graceful labeling of the graph 4 Cg-snake
Theorem 2: The graph (2, k) Cg-snake is graceful.
Proof

Letu, wherei=1,2,3...k+1, &w;wherei=1,2,3...kj=1,2,3,4, x;wherei=1,2,3... 2k, ]
=1, 2, 3, 4 are the vertices of (2, k) Cg-snake, such that w; is put between u; and Ui.q, Xy IS put
between w;; and u; where i=1,2,3...k, pisodd(p=1, 3...2k- 1), j =1, 2, 3, 4, X, IS put between wj
and uiss Wherei=1,2,3...k piseven(p=2,4...2k), j = 1, 2, 3, 4, w; is above w;j.q where j = 1, 2,
3, 4, x;; is above Xi;..) Where j = 1, 2, 3, 4, the graph (2, k) Cg-snake has number of edges "q" 16k, as
shown in the next figure.

K) Cs.
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Define ¢: V(G)— {0, 1, 2... q} as following:

é(u) =8i—8 A=1,2,3... k+l
d(wy)=8i—-2j+1 =1,2,3...k ,j=1,23,4
d(x)=q—-4i—j+5 1=1,2,3...2k forall j=1,2,34

From the definition of ¢ we find:
* Vv eV(G) : V(G) is a set contains all the vertices of the graph G = (2, k) Cs-snake

3 vgl/?é() ¢ (v) =max { 155'2%1(81 - 8), 1132])(('(81 —-2j+1), 12&)@@ —4i—j+5)}
1<j<4 1<j<4

=max { max {0, 8, 16 ... 8k}, max {9-2j,17-2j ... 8k—2j +1},
<j<

max {q-j+1,q-j-3...q—j—8k+5}}

1<j<4

= max{8k, max{7, 5,3, 1,15, 13, 11,9 ... 8k -1, 8k — 3, 8k — 5, 8k - 7}, max{q, q-1,
q-2,d-3...9-8k+4,q-8k+3,q-8k+2,q-8k+1}}

= max{8k, 8k -1, q}
=q

Hence, we find that : -
p(v) €{0,1,2...9-1,q}

o It's obvious that Vu,v e V(G) 3 g (U) £ 4 (V) € {0, 1,2 ... -1, q}
. The function ¢ is one-to-one mapping from the vertex set of G "V(G)" to the set { 0, 1,2 ... q }

* Now, we want to show that the labels of the edges of G belong to the set {1, 2 ... q } and that's as
following:

The range of | ¢ (Xw1) - ¢ (U) | = {q - 4i - 8i + 12 i =1,3,5...2k-1,i=1,2...k}
={q,9-16,9-32...q— 16k + 16 } ,q = 16k
= {q,9-16,9-32... 16}

The range of | @ (X) - p(Wi) [={q—4i" -8i+5  ,i'=1,3,5...2k-1,i=1,2...k}
={q-7,9-23...q-16k+9} , g =16k
={q-7,0-23...9}

The range of | ¢ (i) - #(Wir) |={q—4i -8i+5 i =2,46..2k,i=1,2..k}
={qg-11,9-27 ...q-16k+5} , g =16k

={q-11,9-27...5}
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The range of | ¢ (X)) - ¢ (Ui) | = {q — 4i" - 8i + 4 iT=2,4,6...

={q-12,g-28...q-16k+4}

={q-12,9-28... 4}

The range of | ¢ (xi2) - ¢ (u)) | = {q—4i -8i+11 i=1,3,5...

={q-1,9-17...q-16k+15}
={q-1,q9-17... 15}

The range of | ¢ (Xi) - ¢ (W) | = {q—4i -8i +6 =135
={q-6,0-22...q-16k+10}
={q-6,g-22...10}

The range of | ¢ (Xi=2) - ¢ (W) | ={q—4i - 8i+6 =246
={q-10,9-26 ...q—-16k+6}

= {q-10,9-26... 6}

The range of | ¢ (Xi2) - ¢ (Uis) | = {0 — 4i - 8i + 3 i =2,4,6...

={q-13,9-29... q—16k+3}

= {q-13,4-29...3}

The range of | ¢ (Xis) - ¢ (u) | = {q—4i" - 8i + 10 i =1,3,5...

={q-2,9-18...q— 16k + 14}
= {qg-2,g-18... 14}

The range of | ¢ (Xixs) - ¢ (Wis) | = {q—4i -4i+7 i=1,3,5...
={q-509-21...q-16k+11}
={q-54q9-21...11}

The range of | ¢ (Xis) - ¢ (W) |={q—4i -8i+7 i =2,4,6 ...
={q-9,9-25 ...q-16k+7}

={q-9,9-25...7}

The range of | ¢ (Xis) - @ (Uia) | = {q — 4i - 8i + 2 iT=2,4,6...

={q-14,9-30...g—-16k+2}

15
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={q-14,4-30...2}
The range of | ¢ (x~;) - ¢ (u) | = {q —4i - 8i +9 i =1,3,5...2k-1,i=1,2...k}

= {q-3,9-19... 13}

The range of | ¢ (x-s) - (W) | ={q— 41" -8i+8  ,i"=1,3,5...2k-1,i=1,2...k}
={q-4,9-20...q-16k+12} ,q = 16k

= {q-4,q-20... 12}

The range of | ¢ (Xi-s) - d(Wis) |={q—4i -8i+8 i =2,4,6...2k,i=1,2...k}
={qg-89g-24 ...q-16k+8} , q =16k
= {q-8,q-24...8

The range of | ¢ (i) - ¢ (Uins) | = {q —4i -8i+1 iT=2,46...2k,i=1,2...k}
={q-15q-31... g—16k+1} , q =16k

= {q-159-31... 1}
Hence, {| ¢ (u)-o¢(V)|:uv e EG)}= {1,2,3 ...}
So the graph (2, k) Cg -snake is graceful.

Example 4

Figure 6: The graceful labeling of the graph (2, 4) Cg-snake

Theorem 3: The graph (3, k) Cg-snake is graceful.

Proof

16



Letu;, wherei=1,2,3...k+1, &w;wherei=1,2,3...k,j=1,2,3,4,5,6, & xjwherei=1, 2,
3...2k, ] =1, 2,3, 4,5, 6 are the vertices of (3, k) Cs-snake, such that w; is put between u; and Ui,
Xpj IS put between w;; and u; where i =1, 2, 3...k, pisodd(p=1,3...2k-1),j=1, 2, 3,4, 5, 6, X IS
put between wj and ui+s where i =1, 2,3...k, piseven(p=2,4...2k), j =1, 2, 3, 4, 5, 6, w; is above
Wiy Where j =1, 2, 3, 4, 5, 6, x; is above Xj.q) Where j = 1, 2, 3, 4, 5, 6, the graph (3, k) Cg-snake
has number of edges "q" 24k, as shown in the next figure.

Wy Wa1 Way Wit
Q Q O Q

!
Wie Was W3g

Figure 7: The graph (3, k) Cs.

The number of edges™ q"'= 24k

Define ¢: V(G)— {0, 1, 2... g} as following:

¢ (ui) = 12i — 12 Ji=1,2,3... k+l
¢(WIJ):12|—ZJ+1 1'21:2:3k ’1:172’3’4’5’6
d(x)=q—6i—j+7 ,i=1,2,3...2k forall j=1,2 34,56

From the definition of ¢ we find:
* Vv eV(G): V(G) is a set contains all the vertices of the graph G = (3, k) Cg-snake

3 vg}?g{) ¢ (v) =max { 1512%1(121 —12), 122%,(121 —-2j+1), 12132)]((’(61 —6i—j+7)}
1<j<6 1<j<6

=max { max {0, 12,24 ... 12k}, max {13-2j,25-2j ... 12k —2j +1},
<js<

max {q-j+1,q-j-5...9—j—12k+7}}

1<j<6

= max{12k, 12k -1, q}
=q

Hence, we find that : -
o(v) €{0,1,2...q-1,q9}

17



e It's obvious that V u,v e V(G) 3 g (U) £ (V) € {0, 1,2 ...9-1,q}
. The function ¢ is one-to-one mapping from the vertex set of G "V(G)" to the set { 0, 1,2 ... q }

* Now, we want to show that the labels of the edges of G belong to the set {1, 2 ... q } and that's as
following:

The range of | ¢ (xi-1) - ¢ () | = {q —6i - 12i + 18 i'=1,3,5...2k-1,i=1,2...k}
={q,0-24,g-48...q—-24k+ 24} ,q = 24k
= {q,q-24,q-48 ... 24}

The range of | ¢ (Xi) - d(Wi) [={q—6i"-12i+7  ,i'=1,3,5...2k-1,i=1,2 ...k}
={q-11,9-35...q- 24k + 13} ,q = 24k
= {q-11,9-35... 13}

The range of | ¢ () - d (W) |={q—6i"-12i+7  ,i"=2,4,6...2k,i=1,2...k}
={q-17,q-41 ...q—-24k+7} ,q = 24k
= {q-17,q-41...7}

The range of | ¢ (Xix:) - ¢ (Uin1) | = {q—6i" - 12i + 6 i7=2,4,6...2k,i=1,2...k}
={Qq-18,q-42...q-24k+6} , =24k
= {q-18,q-42...6}

The range of | ¢ (x-2) - ¢ (u) | = {q - 6i" - 12i + 17 i =1,3,5...2k-1,i=1,2...k}
={qg-1,9-25...q-24k+23} , =24k
= {q-1,9-25...23}

The range of | ¢ (xi) - ¢ (W) | = {q—6i - 12i +8 iT=1,3,5...2k-1,i=1,2...k}
={q-10,9-34...q-24k+14} , q =24k
= {q-10,q-34 ... 14}

The range of | ¢ (Xi=0) - # (W) |={q—6i -12i+8  ,i'=2,4,6...2k,i=1,2...k}
={q-16,0-40 ...q—24k+8} , 0 =24k
= {q-16,4-40...8}

The range of | ¢ (xi2) - ¢ (Uins) [= {0 - 6i -12i+5  ,i'=2,4,6...2k,i=1,2...k}
={q-19,9q-34 ... q—24k+5} ,q = 24k

= {q-19,q-34...5}
18



The range of | ¢ (xis) - ¢ (u) | = {q—6i - 12i + 16

={Qq-2,9-26...q— 24k + 22}

={q-2,9-26...22}

The range of | ¢ (Xis) - ¢ (W) | = {q—6i -12i +9

={Qg-9,9g-33...q-24k+15}

= {qg-9,9g-33... 15}

The range of | ¢ (Xis) - ¢ (W) | = {q—6i -12i +9

={q-15,9-39 ...q—24k+9}

= {q-15,4-39...9}

The range of | ¢ (Xis) - ¢ (Uit) | = {q—6i - 12i +4

={q-20,q-44...9-24k+4}

={q-20,9-44... 4}

The range of | ¢ (i) - ¢ (u) | = {q—6i - 12i + 15

={q-3,g-27...q-24k+21}

={q-3,9g-27...21}

The range of | ¢ (Xis) - ¢ (Wis) | = {q—6i -12i + 10

={q-8,0-32...q-24k+16}

={q-8,9g-32... 16}

The range of | ¢ (Xi«s) - ¢ (Wi) | = {q—6i - 12i + 10

={q-14,9-38 ...q—24k+10}

= {q-14,q-38 ... 10}

The range of | ¢ (i) - ¢ (Uies) | = {q — 6i - 12i + 3

={q-21,9-45... q—24k+3}

={q-21,9-45...3}

The range of | ¢ (xis) - ¢ (u;) | = {q—6i - 12i + 14

={q-4,9-28...q—24k + 20}

={q-4,9-28...20}
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The range of | ¢ (xis) - ¢ (Wis) | = {q—6i" - 12i + 11 i=1,35
={q-7,9-31...q-24k +17}

={q-7,9-31...17}

The range of | ¢ (Xis) - ¢ (Wis) | = {q—6i -12i + 11 i=2,4,6...

={q-13,q-37 ...q—24k+11}
={q-13,9-37... 11}

The range of | ¢ (Xis) - ¢ (Uis) | = {0 — 61" - 12i + 2 i =2,4,6
={q-22,0-46...q—-24k+2}

={q-22,9-46...2}

L2k-1,i=1,2...k}

, q =24k
2k, i=1,2...k}
, q =24k
L2k i=1,2 ...k}
, q =24k

The range of | ¢ (xis) - ¢ (u) | = {q—6i" - 12i + 13 i7=1,3,5...2k-1,i=1,2...k}
={q-509-29...q-24k+19} , q =24k
= {q-59-29...19}

The range of | ¢ (Xiss) - ¢ (Wie) | = {q - 6i - 12i + 12 i=1,3,5...2k-1,i=1,2...k}
={q-6,q-30...q-24k+18} ,q =24k
= {q-6,9-30... 18}

The range of | ¢ (Xixs) - #(Wig) | = {0 —6i -12i+12  i"=2,4,6...2k,i=1,2...k}
={q-12,q-36 ... q—24k+12} , =24k
={q-12,9-36... 12}

The range of | ¢ (Xiws) - #(Us) | ={q -6 -12i+1  ,i"=2,4,6...2k,i=1,2...k}
={q-23,q-47... q—24k+1} , q =24k

={q-23,9-47... 1}
Hence, {| ¢ (u)-o¢(V)|:uv e E(G)}= {1,2,3... 9}

So the graph (3, k) Cg-snake is graceful.
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Example 5

Figure 8: The graceful labeling of the graph (3, 3) Cg-snake
Theorem 4: The graph (m, k) Cg-snake is graceful.
Proof

Letu, wherei=1,2,3...k+1, & w;wherei=1,2,3...2m, & x; wherei=1,2,3... 2k, j =1, 2,
3...2m are the vertices of (m, k) Cg-snake, such that w; is put between u; and ui.;, X, iS put between
w; and u;wherei=1,2,3..k pisodd(p=1,3...2k-1),j=1, 2, 3...2m, X, is put between w;; and
Uiz Wherei=1,2,3...k, piseven(p=2,4...2k), j=1,2,3...2m, w; is above wi;..) where j = 1, 2,
3...2m, x;; is above X;g.) Where j =1, 2, 3...2m, the graph (m, k) Cs-snake has number of edges "q"
8mk, as shown in the next figure.

Wi W21 W31 Wia

Figure 9: The graphs (m, k) Cg-snake

The number of edges™ q"'= 8mk ,m=1,2,3... ,p=2m
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Define ¢: V(G)— {0, 1, 2... q} as following:

é(U) =4m (i — 1) i=1,2,3.. k+l
& (Wy) = 4mi — 2j + 1 i=1,2,3...k ,j=1,2,3..2m
dx)=gq-2m(i—1)—j+1 i=1,2,3...2k ,j=1,2,3...2m

From the definition of ¢ we find:
Vv eV(G) : V(G) is a set contains all the vertices of the graph G = (m, k) Cg-snake

3 vg:(:lg() ¢ (v) = max{ 1;2%351(4"” —4m), max (4mi—2j+ 1),  max (q—2m(i—1)—
1<j<2m 1<j<2m
j+ D}
=max { max { 0, 4m, 8m ... 4mk}, | nax {dm-2j+1,8m-2j+1... 4mk-2j
<js2m

+1}, max {g-j+l,q-j—-4m+1...q9—j—4mk+2m+1}}

1<j<2m

= max{4mk, 4mk -1, q}
=g

Hence, we find that : -
p(v) €{0,1,2...9-1,q}

* It's obvious that Vu,v e V(G) I g (U) £ 4 (V) € {0, 1,2 ... -1, q}
.. The function ¢ is one-to-one mapping from the vertex set of G "V(G)" to the set { 0, 1,2 ... q }

» Now, we want to show that the labels of the edges of G belong to the set {1,2 ... q } and that's as
following:
The range of | ¢ (i) - #(u) |[={q—2mi -4mi—j+6m+1 i =1,3,5...2k-1,i=1,2...k

j=1,2...2m}
={g-j+Lg-j-8m+1..q-j-8mk+8m+1,j=1,2...2m}
The range of | ¢ (i) - ¢ (Wy) | ={g—2mi" -4mi+j+2m i =1,3,5...2k-1,i=1,2...k,
j=1,2...2m}
={q+j-4m,q+j—-12m ...q+j—-8mk+4m ,j=1,2...2m}
The range of | ¢ (i) - ¢ (Wy) | ={g—2mi" -4mi+j+2m i =2,4,6...2k-1,i=1,2...Kk,
j=1,2...2m}
={gq+j-6m,q+j—-14m ...q+j-8mk+2m ,j=1,2...2m}
The range of | ¢ (i) - # (Uir) | = {q—2mi -4mi-j+2m+1 ,i"=2,4,6...2k-1,i=1,2...k

j=1,2...2m}
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={q-j-6m+1,q-j-14m+1 ...q+j-8mk+2m+1,j=1,
2..2m}

Hence, {| ¢ (W) -o(V)|:uv e EG)}= {1,2,3 ...}
So the graph (m, k) Cg-snake is graceful.

Example 6

Figure 10: The graceful labeling of the graph (4, 2) Cg-snake

Conclusion:

In this paper we introduced the graceful labeling of the graphs kCs- snake, (2, k) Cy-
snake, (3, k) C4-snake, finally we introduced the graceful labeling of the graph (m, k) C4-snake. we
introduced the graceful labeling of the graphs kCsg- snake, (2, k) Cg-snake, (3, k) Cg-snake, finally
we introduced the graceful labeling of the graph (m, k) Cs-snake
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